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ABSTRACT 

A deep connection between the Hall conductance in realistic situation and a 
topological invariant is pointed out based on von-Neumann lattice representation 
in which Landau level electrons have minimum spatial extensions. We show that 
the Hall conductance has no finite size correction in quantum Hall regime, but a 
coefficient of induced Chern-Simons term in QED3 has a small finite size correction, 
although both of them are similar topological invariant. 



Since the discovery of the quantum Hall effect, topological origin of quantization of 
the Hall conductance has been discussed. It was initiated by Laughlin^ who gave a simple 
argument for showing a quantization in a torus system. He used the fact that the torus 
system is invariant under a finite gauge transformation, which can be considered as adding 
a unit of flux to the inside of the torus. The response of the electronic system gives an 
average Hall conductance over a unit of flux because the flux is not inflnitesimal. Thus 
the quantization of the average Hall conductance was shown. The idea was extended by 
Halperin^ and the role of edge was identified. 

An idea of using topological invariant was introduced later by TKNdN.^ They have 
identified the Hall conductance in tight binding model as first Chern class of the fibre bundle. 
An argument was extended further later, ^ in which average over boundary condition is taken. 

For the topological invariant to be defined, the corresponding space must be compact. 
In the above cases, invariance of the system under gauge transformation, or the model itself 
ensure the compactness. They are not applied in real cases, however, because the electron 
system is described neither on the torus nor by the tight binding model, and average over 
flux or boundary condition is not taken. Instead, the system is described by continuum 
space model in a finite area with boundary. The conductance is defined by a derivative also. 

A new idea of topological invariant in momentum space was introduced by one of the 
present authors^'^ and others later, and low energy theorem was given. Recently, the quan- 
tization is also shown by using Landauer formula^ for one dimensional edge current under 
the assumption that only the edge states are current carrying states. 

The purpose of the present work is to unify all pictures and to find out if the Hall 
conductance is a topological invariant or it has a finite size correction in realistic systems, 
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where there are zero-energy one-dimensional edge states. Our conclusion is that the Hall 
conductance in the realistic situation is equivalent to the topological winding number in the 
momentum space and the quantization is thus exact in the quantum Hall regime. The role 
of edge states is also clarified. A similar topological invariant of three-dimensional quantum 
electrodynamics(QED3), a coefficient of induced Chern-Simons term, has a small finite size 
corrections, of order e~'^^ , where L is the system size and m is the typical mass scale. 

The roles of the magnetic field are essential in making not only the space to be compact 
but also the finite size effect to disappear. 

We describe an infinite system first, a finite system without boundary second, and finite 
system with boundary at the end. 

(1) Infinite plane without boundary — Before discussing the quantum Hall system, let us 
discuss QED3 which resembles the quantum Hall system in many respects. The slope 
of the current correlation function of momentum, 7r^z/(?), at the origin is given by 

Obviously the slope has a peculiar meaning as a winding number of the mapping defined 
by the propagator S{p),^'^ if the momentum is defined on the compact space. Arguments 
concerning its topological nature ^'^'^^ and the non-renormalization theorem^^'^^ have been 
given in the literature. It should be noted that the non-trivial topology can be defined 
even in infinite planar system and a torus configuration is not necessary in QED3. For non- 
renormalization theorem to be satisfied, current conservation and Ward-Takahashi identity 
are important. 
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It is convenient to use a representation in which base functions are locahzed spatially in 
each Landau level in order to derive Ward-Takahashi identity and related exact low energy 
theorem in quantum Hall system. Coherent state von-Neumann lattice representation''^ in 
centre variables is such representation that has minimum spatial extensions allowed from 
commutation relations and its usefulness has been shown in previous works in showing the 
low energy theorem and others. We use this representation in the present work, too, and 
give low energy theorems of finite systems. 

In our coherent state von-Neumann lattice representation,^ the kinetic term and the 
conserved electromagnetic current are written as. 



J d'^xi/j\x) ^-^^^^^ i/j{x) = Eibi{m,n)ai{m,n), 

l,m,n (2) 

eB 1 
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where = (1, -?7,0, ^B^ ^ Py + ^^Ay, eBrj = -{p^ + eAx), X ^ x - ^, Y ^ y - rj, 
and electron field is expressed by quantized operators ai{m,n) and bi{m,n), and c-number 
functions of relative coordinates and centre coordinates: 



^^y2 "'(^' V) \Rm,n) , 
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where Rm,n = {rna, no) and m, n are integers. The coherent states in centre coordinates 



coefficients, as was given in Refs.7 and 18. One-particle states, such as locahzed states 
around short range impurity, edge states, and extended states under periodic potentials, 
were studied in this representation before. 

The electron field operators, ai{m,n) and bi{m,n), have lattice coordinates and Landau 
level indices. Hence the electron propagator and the vertex part become matrices which 
have Landau level indices and momentum defined on the torus. The momentum space is 
thus compact in the spatial directions. 

The matrix relation between the propagator and the vertex part is derived from the 
current conservation and commutation relations and becomes to 




?T^(Pl,P2) 



(6) 



Liuh{Pl,P2) 



where Landau level dependent terms in the above matrices satisfy. 



[dx, dy] = [4, d'y] = -i/eB. 
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(7) 



The vertex part of the same momenta thus satisfies a modified Ward-Takahashi identity, 

r,{p,p) = ^^s-\p) + s-\p)D, - d'^s-\pI 

Do^D'o^ 0, Di - i{di + di), D[ = i{d'i + d'i). 
By a transformation of the basis with suitable momentum dependent unitary matrices, 

~S{j)) = V{p)S{p)U{p}, 

(9) 

f;,(pi,P2) = u-\pi)r^ipr,p2)v-\p2), 

UiP)^U-\p) = -Dl, i^V'\p))V{P) = Di, (10) 

the second term and third term in right hand side of Eq.(8) are absorbed and the relation 
becomes to the standard form, 

f^(p,p) = ^'§-i(p). (11) 

The Hall conductance is the slope of the current correlation function, TT^i,{q), at the origin 

and is expressed, by using Eq.(ll), as a topologically invariant form, 

e2 d 
3! dqp 

We have the momentum independent propagator from Eq.(2), 



e2 

(12) 



S^'Hp)iuh - iPo - (13) 

in the free system without disorder, boundary, and interactions. The axy thus calculated 
depends on Ep, as is shown in Fig.l. The integrand is independent from the spatial com- 
ponent of the momenta from Eqs.(7) and (9). This property becomes important when we 
discuss finite system. 



In the presence of short range disorders and interactions, the above formula is vahd, 
as well, because the current conservation and the commutation relations are kept intact. 
Moreover the value of axy is not modified by these effects in the locahzed state region and 
in the energy gap region. More details are given in Ref.7. 

The Hall conductance in the infinite planar system is expressed with a topologically 
invariant formula and is quantized in the integer filling region and neighboring localized 
state region and is not modified by interactions. These low energy theorems concerning 
the Hall conductance have been given in the present representation. The matrix form of 
the Ward-Takahashi identity between the vertex part and the propagator plays the essential 
roles. 

(2) Finite plane without boundary — In the formula of the Hall conductance, Eq.(12), 
integration regions of the momentum is from —n/a to Tv/a. Now suppose the configuration 
space to be a torus of length L. The momentum then becomes discrete and the integration 
is replaced with a summation over discrete momentum. We show in the following that the 
topological invariant, Eq.(12), is unchanged and has the exactly same value but another 
topological invariant, Eq.(l), changes the value. We assume L/2a being integer and study 
the L dependence. The momentum then becomes 27rn/L with an integer n in the range from 
-L/2a to L/2a. 

The Hall conductance in a torus geometry in y direction is given by 

('xy = ^K, (14) 

where N!^ is obtained by replacing py integration of Nyj, Eq.(12), with a summation over 
discrete py. Since the integrand is independent from py, the above is the same as the 
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previous Nyj, Eq.(12), and is an exact integer under integer Hall effect condition. The 
absence of finite size correction in the Hall conductance is partly due to the special form of 
the modified propagator, Eq.(9), and commutation relation, Eq.(7), which have an origin in 
the magnetic field. 

The finite size correction exists in the topological invariant of QED3, Eq.(l). It changes 
the value under the replacement of momentum integration to summation over discrete mo- 
mentum and becomes to coth(mL/2). It has a finite size correction of order e~'^^. 

(3) Finite plane with boundary (edge states) — We discuss the quantum Hall effect in 
a realistic situation, in which electrons are confined in a finite area by a potential barrier. 
We concentrate to find out the effect of the potential barrier here. The single-particle 
Hamiltonian is composed of three diagonal terms. 



Eigenstates from the first and second term have the energy of Landau level, or the combined 
energy of Landau level and the potential energy, respectively. The third term gives the 
continuum energy band in an energy range between Ei and Ei + Vq and eigenstates are 
extended along the boundary. They correspond to the edge states, which may modify the 
previous results. 

It is convenient to write the above Hamiltonian, in order to find the effect of edge states. 




J2EMX)ai{X)+ J2iEi + VoMX)ai{X)+ {Ei + AE^^^)b^^^a^^\ 



inside outside boundary 



(15) 
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as 

Ho^ Yl Eibi{X)ai{X)+ J2 {Ei + VQ)bi{X)ai{X) + J2^E^'{X,X')bi{X)ai,{X'), 

a;<a;o+A a;>a;o+A 

(16) 

where the spatial region in the first includes inside and edge region, and AE of the last term 
vanishes when the coordinates X or X' is located away from the baundary. Hence we are 
able to treat the last term perturbatively. The second term gives no effect except the virtual 
effect, if the potential height Vq is much larger than the chemical potential. We treat the 
first term in the same manner as before and include the last term to it perturbatively. 

Due to the last term in Eq.(16), the propagator, the vertex, and the current correla- 
tion function are not invariant under the translation. Even so, the translational invariant 
expression is valid. Green's functions have invariant terms and non-invariant terms. The in- 
variant terms contribute to the Hall conductance and non-invariant terms do not contribute 
to the conductance. The invariant term, nj^J(q), and non-invariant terms, 7^l^i}{qi,q2',h), 

(2) 

■^Atf ^1, h) ■ ■ ■ , of current correlation functions are given in Fig.2, where dashed lines 

show the perturbative edge terms which carry momentum li. 7r^l)(gi, q2;h) satisfies 
Qi'^l^JiQi: 92; ^i) = ?2; h)Q2 — 0- If Qi ^^'^ Q2 are independent arbitrary momentum, 

then 

{qi, Qi'i 0) has no linear term in qi if this is obtained smoothly by a limit q2 ^ qi, by 
Coleman- Hill argument. -"^^ Other general term n^(qi, q2',h, ■ " ^n) satisfies the same relation 
and the same properties for general li. The amplitude of present specific case, in which mo- 
mentum along one direction is conserved, is obtained as a limit of general cases and should 
satisfies the same properties, as far as there is no singularity and the limit is taken smoothly. 
We find that each term is non-singular and the combined edge term is also non-singular. The 
most serious part is from edge state and is computed from one-dimensional chiral mode. We 
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find that it is non-singular. Consequently only the one loop diagram, irj^J (q) , has linear term 
in q and contributes to axy This diagram was studied in the previous part and was shown 
to give exactly quantized value in the quantum Hall regime. In other words, both of the 
edge states and the bulk states contribute to the quantized value of axy- The value is stable 
even though there are zero-energy one-dimensional edge states. In Landauer formula, the 
zero-energy states are important.^ Since the zero-energy states are one-dimensional in the 
quantum Hall regime, the axy is quantized from this view point, too. Short range impurities 
and an electron interactions do not modify our conclusions at all, because all ingredients we 
used are still valid. 

Ultra-violet divergence is generated from virtual effect and renormalization is made. The 
results still hold, due to the same reasons. 

As a summary, we find that the small finite size correction exists in QED3, but the finite 
size correction does not exist in the normal quantum Hall region. It is the magnetic field 
that gives these phenomena to occur. 
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FIGURE CAPTIONS 



1) Hall conductance, from Eq.(12), has a step like dependence on the Fermi energy. The 
value is stable and has no correction from impurities and interactions in the gap region 
and localized region (shaded region). 

2) Feynman diagram of current-current correlation function is shown. The perturbative 
edge terms carry momentum and are shown by dashed lines. The wavy lines stand 
for the currents. Since the edge terms carry momentum, two momenta, qi and 52, are 
different generally. 
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